We have addressed the problem of tracking the nonrigid motion of the heart using a sequence of velocity jields and a sequence of contours. 
Introduction
Many cardiac disorders manifest as abnormalities of myocardium function. The ability to accurately track the same region of interest and obtain noninvasive measurements of the regional contractility of the Left Ventricle (LV) of the heart is thus critical. The different methods that have addressed the problem of tracking nonrigid objects from a sequence of images can be classified into two broad groups. The first class is comprised of methods that exploit the correspondence between distinct features over time. Peatures can be points of highest curvature [l, 21, or landmarks obtained from MRI tagging [3, 41. Correspondence between features is established over time, in order to recover the motion of the object from the sparse set of landmarks' trajectories. Unfortunately, without further information, the problem is underconstrained.
The features' trajectories provide only a sparse Sampling of the spatiotemporal trajectory of the object. This leads therefore to a cla,ssic assumption of the smoothness of motion. [5, 4, 61 . The second class of methods contains techniques that exploit time sequences of velocity fields. A sequence of velocity fields is estimated everywhere inside the objecl, of interest [7, 81 , and the goal is to recover the motion from the temporal sequence of snapshots of the velocity fields. The difficulty arise here from the fact that Eulerian (or spatial) velocity fields are measured with a large time step, and that we want to recover the Lagrangian path of each point in the object. In principle the integration of the Eulerian velocity should yield the path of each material point. In practice serious numerical difficulties arise. At a given instant the estimated POsition may not correspond to the true position of the material point, thus the velocity at this 'location will not coincide with the true velocity. When we integrate this velocity in order to estimate the position at the next instant, errors in the position will amplify. In addition the time step between two velocity fields is not controllable, and the integration can yield inaccurate results when the object is undergoing a large acceleration. Another problem stems from the fact that the velocity is only given on a discrete grid with limited resolution. Interpolation schemes are required to estimate velocities at positions not on the grid. Finally any noise in the velocity will be transmitted to the POsition estimates. This means that numerical errors in positions can grow rapidly in time as numerical integration proceeds. Very little work has been expended on the subject of nonrigid motion recovery of a complete object from a sequence of velocity fields. It is a difficult problem because it is nonlinear and unstable. However it is an important problem since there are many different ways to acquire velocity information: phase contrast MRI, Doppler ultrasound, optical flow, and others. The major contribution of this work is to explore and propose a completely new framework to track the entire LV from a sequence of velocity fields, and a sequence of contours.
Data acquisition
The tracking algorithm utilizes two temporal sequences of data: (i) a time sequence of 16 velocity fields (the heart cycle is divided into 16 instants) ; and 1063-6919/96 $5.00 0 1996 IEEE (ii) a time sequence of 16 contours of the LV: the endocardium (inner contour) and the epicardium (outer contour). The velocity maps and magnitude images are acquired over the heart cycle, using a technique, termed phase contrast cine magnetic resonance imaging (PC MRI) [9] . The technique combines phase contrast imaging methods, that can deliver quantitative measurement of motion [9] , with cardiac cine techniques. We emphasize the case where velocity measurements are obtained by PC MRI, although we note that velocities can be directly estimated from the spatiotemporal changes of the intensity function 17, 81.
At any given instant we have access to the magnitude image of the PC MRI sequence, and we extract the contours of the myocardium using the deformable contour/region growing approach presented in [lo] .
Tracking algorithm
The geometry of the myocardium is characterized by a deforming mesh composed of N nodes & , . . . , &V.
The partition is composed of quadrilaterals (see Fig.   5 ). Each quadrilateral has two nodes on the endocardium and two nodes on the epicardium. We assume that the kinematic state of the LV can be accurately characterized, at any instant, by a spatial piecewise polynomial approximation of the phasecontrast velocity field. This "spline-vector" approximation is uniquely characterized by a basis of N functions {@i}i=l,.,,,N (one for each node) with local support. We assume that the support of the basis functions are moving along with the deformation of the domain. We thus have
where x(<i, k) is the two-dimensional position of the node ti at time k . Let W be the space spanned by the basis functions {ai}. Let v = ( u , v ) be the spatial velocity field at time k ; this velocity field is the k-th velocity fields generated by the MR acquisition sequence. We define (U*, U*) as the spline-vector ap-
where (ut, UP) is the nodal value of the velocity for the node &. For each node we define a state vector, si, that characterizes the "true" value of the node's kinematics. We will not be able to calculate directly si, but we will derive measurements related to si at every instant k . For each node, we construct a measurement vector, mi, composed of two components:
position, and velocity. The velocity component is the nodal value of the velocity (u5,w;). The position component is derived from the contours of the LV at time k. The measurements are corrupted observations that are related to the "true" kinematics of the node. Our goal is to process the measurements
., N } in order to obtain the best estimate of {si(k), i = 1, .., N } , the kinematic state of the LV at time k. Assuming that the motion of the myocardium is governed by a set of differential equations, we can derive a model of the LV's dynamic behavior. We use a temporal smoothing filter that generates smooth estimates of si, for each node ti of the mesh. Formulating this problem as an estimation problem makes it possible to integrate position information and velocity information into a consistent framework.
Measurement definition
The velocity field v = ( U , U ) that we obtain at time k from the PC MRI sequence is composed of Eulerian velocities: v(x, k) is the velocity of a material point that occupies the position x, at time k ; however, we can not identify this material point. In order to build a kinematic measurement for each node at time k , we need to calculate the Lagrangian velocity,
is the two-dimensional position of the node at time k Q To achieve this, we first match the LV geometry (defined by the contours of the LV) at time k. with a prediction of the mesh geometry, generated by the tracking algorithm (see Fig 1) . Each node of the predicted mesh is projected onto the extracted contours (see Fig 1) . This defines the position measurement for this node, at the current instant. Ideally this measurement should correspond to an estimate of the position of the material point & . We now have a measurement (5i, &) of the two-dimensional position x(&, IC) of each node ti at time k. Using the mesh defined by the projected nodes, we then calculate the nodal value of the velocity (us, up) at each node (see Fig 1) with a vector spline approximation method. Inside each quadrilateral of the mesh, a bilinear model of the velocity describes the transmural variation of the velocity across the wall. The limited transmural resolution of the data, makes it difficult to fit higher order models. At this point we can construct a measurement vector mi for each node ti. = [2,z,klT(k) . From (4)~ we derive the following linear dynamic system that characterizes the discrete time evolution of s ( k ) : where (2~5,~:) is the nodal value of the velocity, and 5i is position measurement.
Dynamic behavior of the mesh
In this work, we assume the motion of the heart is periodic, and we expand the trajectory of each node ti into a basis of sine functions. Due to the problem of limited temporal resolution (16 time samples only are available at the moment), high order terms tend to be difficult to estimate. We only retain the first two terms of the expansion. For the clarity of the presentation and to lighten the notation, from now on we drop the index i of the node tZ wherever it can be done without causing confusion. A continuous model of the trajectory x(k) = x(5, k ) of the node E, is
where t is the continuous time index, X is the mean position over the period, and A i s the amplitude of the motion. The frequency of the oscillator is 27rw = 27r/T where T is the period of the heart cycle. This system model is only valid over a short time interval. Nevertheless, as opposed to the constant-velocity, or constant-acceleration models, (4) explicitly models the where q = [q1,772IT(k) is a zero mean Gaussian noise vector of covariance matrix R(k). The problem is then the following: Given the obrservations : m(O), . . . ,m(T), we wish to obtain an optimal estimate of the state vector s at any given time k within the interval, s (klk) , that minimizes the mean-normsquared-error. There exists an eficient recursive algorithm to calculate this estimate: t>he fixed interval smoothing filter [Ill.
Optimal temporal smoothing
The optimal linear smoother is a combination of two optimum linear filters: a forward filter, and a backward filter. The forward filter procesises t,he data from time 0 to some time k within the interval, and generates the optimal estimate G f ( k ( 0 , k : ) as well a.s P f ( k l 0 , k ) , the covariance matrix of G f ( k l 0 , k ) . Similarly, the backward filter generates $b(klk + l ? T ) , the optimal estimate at time I; based upon all the rneasureinents from time k + 1 to time 7' as well as P b ( k l k + l , T ) , the covariance matrix of Gb, (klk+l,T) . The smoothed estimate & ( k ) , based upon all the measurements from time 0 to time T , is generated by optimally combining the value of the forward filter and the value of the backward filter at time k 1 1 1 1 : where P,(k), the covariance matrix of G8(k), is
The optimal forward estimate B f ( k + 110, k + 1) is generated by filtering data prior to time k with a Kalman filter [la] . The discrete-time system (5) propagates forward in time. In order to build the backward estimate, it is useful to consider time running backward.
It is possible to build a process equivalent to (5) up to second order properties, but with state model propagating in reverse time [Ill: (9) where ( b ( k ) is a zero mean Gaussian noise of covariance matrix Q b ( k ) . F b ( k ) and Q 6 ( k ) are given by
where I I ( k ) is the covariance matrix of s at time k . Kalman filtering can then be used on the system (9) to generate the optimal estimate of s ( k ) given measurements from time k + l to time T . We model R(k)
as a diagonal matrix. The first term on the diagonal is the variance of the position measurement, and it is proportional to the inverse of the magnitude of the gradient of the magnitude signal. The second term on the diagonal of R(k) is the variance of the velocity, and at the moment we use a fixed uniform variance for any velocity measurement inside the myocardium. We model Q ( k ) as a diagonal matrix. The values of Q ( k ) can be adjusted to obtain different levels of temporal smoothing. There is a bootstrapping mode to initialize the filter: it requires two time step to get an estimate of the acceleration (or equivalently an estimate of the mean position).
Experiments

Numerical simulations
A quantitative evaluation of the method has been perforrned using numerical simulations of velocities and contour data, that are representative of the motion of the myocardium in a general way. We present here the result of one experiment where a 2-D annulus undergoes a periodic expansion and translation. The trajectory of the center of the annulus is a circle:
with A, = 2.5pixels. The internal radius p ( k ) is evolving according to P(k) = P ( 0 ) + X(P(0)) sin(wtPp error at each instant k . The average was taken over all nodes.
-Pin), and w = 2 7 r g , pout = 40 pixels, pin = 14 pixels, A p = 2.5 pixels, with an effective heart rate of 100 beatslmin. 16 images were simulated over one heart cycle. The motion of the annulus was tracked using 16 nodes on the inner contour and 16 nodes on the outer contour. For this experiment the velocity components were coded as integers, and therefore truncations errors resulted in noise on the velocity fields. The position of the tracked nodes have been compared to the theoretical values (determined analytically). Two different errors were calculated:
(1) a root mean squared (RMS) error over all nodes, at each instant k where xi(k) is the true position of the node ti, and j&(k) is the result of the tracking ; (2) a relative error over the total path length, for each node i where J c d x i is the total path length of the node i . The mean relative error over all the nodes was then calculated. Figure 2 shows the RMS error, in pixels, for any phase over the heart cycle. The estimate build at the second time step (time 1) is calculated using the bootstrapping mode, and thus relies only on the noisy velocity measured at time 0. Consequently, the position estimate at time 1 does not coincide with the true position. As a result, the rest of the path is globally translated from the theoretical trajectory, and this systematic error creates a small RMS error.
The mean relative error over all the nodes was 1.8% of the total path length. Given the magnitude of the motion, the agreement between the measured data and the theoretical values is good. 
Phantom study
The phantom consisted of a gel-filled disk undergoing rotation and translation in the plane. The maximum translation was lcm, and the maximum rotation was 20'. The motion of the phantom was periodic with an effective heart rate of 66beatslmin. The phantom was imaged in a quadrature head coil using a cine PC gradient echo imaging sequence. The disk had four small markers on its outer edge. The trajectories of the markers have been manually hand traced, and using triangulation, the theoretical position of any point inside the phantom could be calculated at any instant.
We put 16 nodes on the inner contour and 16 nodes on the outer contour. The trajectories of the nodes, and the trajectories of the markers are shown in Fig.  3 . The contours of the phantom at time 4 and at time 12 are also shown. RMS errors in the position of the nodes using the proposed approach have been calculated at each instant, and are shown in Fig. 4 . The mean relative error over all the nodes was 4.4% of the total path length. Given the initial error on the theoretical positions of the nodes, the calculated positions are in good agreement with the true values.
In Vivo Data
To further validate our approach the tracking algorithrn has been tested i n vivo with an open chest canine model of infarction. A dog was positioned in a quadrature head coil for MR imaging using the cine PC gradient echo sequence. Velocity maps were acquired both before and one hour after a permanent occlusion of the proximal left anterior descending artery (LAD). We recognize that the motion of the myocardium is three-dimensional. We consider here a simplified 2-D version of the problem. The LV has been tracked before the coronary occlusion with a partition consisting of 24 nodes on the endocalrdiurn and 24 nodes on the epicardium. The tracking started at time 0 (erid diastole) when the wall was the thinnest ; and the nodes were initially equally sampled along each contour. Figure 5 shows on the left the deformed partition at four instants through the cardiac cycle. The fitted spline vector field is shown on l,he right in Fig. 5 at the corresponding instants. After occlusion of the LAD the LV has been tracked with a similar partition and the same number of nodes.
Conclusion
We have addressed the problem of the recovery of nonrigid motion from a sequence of velocity fields. We have proposed a new unified framework that exploits velocity fields and contour informatiion to track the nonrigid motion of the LV. The method has been carefully evaluated with simulated data and phantom data. Thus, our unified framework for assessment of nonrigid myocardial motion, which integrates contour information with PC velocity maps provides a reliable estimate of 2-D motion. This approach is being extended to 3-D. 
